ABSTRACT Millimeter wave (mmWave) communications have been regarded as a key technology for the next generation cellular systems since the huge available bandwidth can potentially provide the rates of multiple gigabits per second. In mmWave multiple-input multiple-output (MIMO) systems, the conventional precoding is infeasible due to the hardware cost and power consumption. Therefore, hybrid precoding is considered as a promising technology to provide a compromise between hardware complexity and system performance. In this paper, we investigate the designs of the hybrid precoder and combiner in mmWave MIMO systems. We adopt the hierarchical strategy to design a hybrid precoder to maximize the spectral efficiency. In particular, we focus on the optimization of analog precoder and propose a novel iterative algorithm. Then, based on the optimal analog precoder, we compute the digital precoder to improve the spectral efficiency. For practical implementation, the proposed hybrid precoder design can be used in wideband systems with orthogonal frequency division multiplexing modulation. The simulation results and mathematical analysis show that the proposed algorithm can achieve near-optimal performance with low complexity for mmWave MIMO systems.
I. INTRODUCTION
With the rapid development of wireless devices, many emerging applications, such as artificial intelligence, virtual reality, big data analytics and augmented reality, have entered our life [1] . Meanwhile, the corresponding data traffic has exponentially increased in wireless networks. In order to meet future traffic demands, academia and industry are committed to develop the next generation wireless local area network (WLAN) and mobile cellular communication [2] - [5] . Millimeter wave, whose spectrum is from 30GHz to 300GHz, has recently attracted the attention [6] , [7] . However, mmWave signals experience severe propagation loss compared with current cellular bands, due to the atmospheric attenuation, rain fading and low penetration. Thanks to the small wavelength of mmWave, it is feasible to pack a large number of antennas in the same physical dimension. Largescale antenna arrays can provide beamforming gains to overcome the propagation loss, and synthesize highly directional
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beams [8] . It also enables simultaneous transmission of multiple data streams resulting in significant improvements to spectral efficiency.
In traditional MIMO systems, the full-digital precoding is completely performed in digital domain, which can control both the magnitudes and phases of signals. However, the full-digital precoding requires dedicated radio frequency (RF) chain for each antenna element. For mmWave MIMO systems with large-scale antenna arrays, the high cost and power consumption of RF chains make full-digital precoding infeasible [9] . To tackle the above issue, hybrid precoding architecture is proposed, which only requires a small number of RF chains between a low-dimensional digital precoder and a high-dimensional analog precoder [10] .
Hybrid precoding has received considerable attention to improve the system performance in mmWave MIMO systems. For early work on hybrid precoding design, [11] points out that maximizing the spectral efficiency can be approximated by minimizing the Euclidean distance between hybrid precoder and the full-digital precoder. This operation makes the hybrid precoder design become a matrix factorization problem, which, however, is hard to solve due to the hardware constraints of analog components. Exploiting the sparsescattering characteristics of mmWave channels, [12] - [14] study the codebook-based hybrid precoder design, and the corresponding analog parts are selected from predefined dictionary, such as array response vectors or discrete Fourier transform (DFT) beamformers. Reference [13] proposes an orthogonal matching pursuit (OMP) algorithm, which offers reasonably good performance. In addition, [15] proposes an iterative algorithm based on the OMP algorithm to design hybrid percoder. To reduce the complexity of the OMP algorithm, [16] proposes a partially updated algorithm to design hybrid precoder.
While computing the digital precoder is relatively simple, the main difficulty of designing the hybrid precoder is the analog part with unit modulus constraints [5] , [10] . To overcome this difficulty, [17] proposes an alternate optimization algorithm by using matrix decomposition. In particular, this analog precoder is designed by applying the interior-point method in [17] . Reference [18] proposes a coordinate descent method (CDM) algorithm. In this CDM algorithm, the author turns the optimization problem into a simple form, and then derives the closed-form expression to design analog precoder. Reference [19] proposes a heuristic algorithm to design the analog and digital precoder. In addition, the work in [20] proposes two alternating minimization algorithm for the fullyconnected structure. The first one is a manifold optimization based alternating minimization (MO-AltMin) algorithm. This algorithm does not need any pre-determined codebook and attempt to directly solve the hybrid precoding problem under the unit modulus constraints. However, due to the largesize antenna array, the number of unit modulus constraints may be substantially large, which leads to the high computational complexity for MO-AltMin algorithm. Thus, [20] proposes an AltMin algorithm using phase extraction (PE-AltMin). This algorithm has lower computational complexity, but it also cause some performance loss. In addition, some references consider to jointly design hybrid precoder and combiner for mmWave MIMO systems. Reference [21] proposes an iterative phase matching algorithm to design hybrid precoder and combiner. In this algorithm, the analog precoder and combiner are implemented by low-resolution phase shifters. Reference [22] proposes a codebook-based joint hybrid precoder and combiner design for multi-stream transmission in mmWave MIMO systems.
For wideband orthogonal frequency division multiplexing (OFDM) systems, the MO-AltMin and PE-AltMin algorithms can also be applied. In addition, based on GramSchmidt orthogonalization, [23] proposes a hybrid precoding algorithm for wideband mmWave system with a limited feedback channel. Reference [24] proposes a heuristic algorithm to design hybrid precoder design for single-user and multiuser mmWave systems.
In this paper, we investigate the hybrid precoder and combiner design in mmWave MIMO systems. In particular, instead of minimizing the Euclidean distance between hybrid precoder and the full-digital precoder, we design the hybrid precoder by directly maximizing spectral efficiency aiming to achieve near-optimal performance with low complexity. Thus, we propose an iterative hierarchical hybrid precoding (HHP-Iterative) algorithm to design analog and digital precoder, both in narrowband and wideband mmWave systems. The contributions of this paper are summarized as follows: The rest of this paper is organized as follows. We present the system, channel model and the problem formulation in Section II. The designs of hybrid precoder and combiner are investigated in Section III. We show that the proposed algorithm can be used for wideband mmWave systems in Section IV. The computational complexity of proposed algorithm is analyzed in Section V. In Section VI, we present the simulation results. Finally, the conclusion of this paper is shown in Section VII.
The following notations are used throughout this paper. A is a matrix and a is a column vector. a(i) is the i-th element of a. A(i, j) denotes the element of the i-th row and the j-th column of matrix A. (·) T and (·) H denote the transpose and transpose-conjugate operations, respectively. I N is the N × N identity matrix. det(A) denotes the determinant of matrix A. Tr(A) represents the trace of matrix A. E{·} represents statistical expectation. R{·} is the real part of a complex number. Finally, CN (0, σ 2 ) represents the zero-mean complex Gaussian distribution with variance σ 2 .
II. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we present the system model and channel model, and then formulate the hybrid precoding problem. receiver which is equipped with N r antennas and N r RF RF chains. We assume that N t RF = N r RF = N s to support such a multi-stream transmission while reducing the energy cost of the mmWave MIMO system.
In Fig.1 , the transmitted symbols are processed by an N t RF × N s digital precoder F BB , and up-converted to the RF domain via N t RF RF chains. Then, the symbols are precoded by an N t ×N t RF analog precoder F RF . Therefore, the processed signal can be written as
where s is the N s ×1 symbol vector such that
In addition, the digital precoder enables both amplitude and phase modifications. The analog precoder is implemented by a set of variable phase shifters (PSs), so the elements of F RF have constant amplitude, namely |F RF (i, j)| = 1. Moreover, the transmit power constraint is
We consider a narrowband block-fading mmWave channel as in [10] , which yields a received signal
where y is the N r × 1 received vector, ρ is the average received power, and n is the noise vector of independent and identically distributed (
Besides, we assume that the channel state information (CSI) of H is known perfectly at both the transmitter and receiver.
At the receiver, an N r × N r RF analog combiner W RF and an N r RF × N s digital combiner W BB are used to process the received signal. Therefore, the received signal after combining is given as
Similarly to the analog precoder, the analog combiner is also implemented by using phase shifters and satisfies unit modulus constraint, that is |W RF (i, j)| = 1. When Gaussian signal is transmitted over the mmWave channel, the spectral efficiency achieved is given by [25] 
where R n = σ 2 n W H BB W H RF W RF W BB is the noise covariance matrix after combining.
B. PROBLEM FORMULATION
For single-user mmWave MIMO systems, we aim to jointly design hybrid precoder and combiner to maximize the spectral efficiency. Under hardware constraint, the corresponding problem can be written as arg max
This optimization problem is a joint optimization over the hybrid precoder and combiner. However, it is difficult to be solved due to the non-convex constraint on analog precoder and combiner. In the following section, we attempt to simplify the objective problem and achieve a satisfactory performance.
C. MILLIMETER WAVE CHANNEL MODEL
In mmWave systems, due to the high path loss at mmWave band and tightly packed antenna arrays lead to limited scattering and high antenna correlation. We adopt a narrowband clustered mmWave channel model based on the extended Saleh-Valenzuela model [26] . The matrix channel H is assumed to have N cl scattering clusters, each of which contains N ray propagation paths [13] , [20] . Therefore, the channel H can be written as
where γ is a normalization factor such as γ =
. α il is the complex gain of the l-th ray in the i-th scattering cluster. We assume that α il are i.i.d. random variables following the complex Gaussian distribution CN (0, σ 2 α,i ), and
In addition, the vectors a r (φ r il , θ r il ) and a t (φ t il , θ t il ) are the receive and transmit array response vectors, where φ r il (θ r il ) and φ t il (θ t il ) stand for azimuth and elevation angles of arrival and departure (AoAs and AoDs), respectively. In this case of a uniform planar array (UPA) in the yz − plane 2 with W and H elements on the y and z axes respectively, the array response vector is given by
where d is the antenna spacing, k = 2π λ and λ is the signal wavelength, and 0 ≤ m ≤ W and 0 ≤ n ≤ H are the antenna indices in 2D plan and the antenna array size is N = WH .
III. HIERARCHICAL HYBRID PRECODER AND COMBINER DESIGN
In this section, we first consider to design hybrid precoder and propose the HHP-Iterative algorithm to obtain the optimal analog precoder and digital precoder in Section III.A. Then, since the hybrid combiner and precoder have similar architecture and mathematical formulations, we can use the proposed algorithm to design hybrid combiner in Section III.B.
A. HYBRID PRECODER DESIGN
We seek to design hybrid precoder that maximize the spectral efficiency of transceiver in (5). However, this problem involves joint optimization over the hybrid precoder and combiner, which is difficult to solve. In order to simplify transceiver design, we temporarily decouple the joint transmitter-receiver optimization problem and focus on the hybrid precoder design. Thus, according to [13] , we design hybrid precoder by maximizing the mutual information achieved by Gaussian signal over the mmWave channel to improve the spectral efficiency. The corresponding hybrid precoder problem can be formulate as arg max
Obviously, due to the unit modulus constraint of F RF , jointly optimizing F BB and F RF is intractable. Inspired in [19] and [27] , we adopt a hierarchical strategy to design digital and analog precoder. In the first part, we employ the water-filling method to design the optimal F BB , assuming that the analog precoder is fixed. In the second part, based on the optimal digital precoder, we focus on design analog precoder. Then, we decompose the analog precoder optimization problem into a series of sub-problems and propose an iterative algorithm, which designs each element of F RF successively until convergence.
1) DIGITAL PRECODER DESIGN
Assuming that the analog precoder is fixed, we consider the digital precoder design to improve the spectral efficiency. To further simplify hybrid precoder design and decouple the digital and analog precoder in the power constraint, we set
BB withF BB a dummy variable, and then bring F BB into (8) . Therefore, the digital precoder design problem in (8) can be rewritten as arg max
where
2 is defined as an effective channel. This objective function and constraint in (9) only have one optimization variableF BB . Thus, we can easily use the water-filling method to designF BB . The corresponding solution ofF BB is given as
where V e is the first N s columns of right singular vectors of H e . P e is a diagonal matrix whose diagonal elements are the water-filling power control solution. If the optimalF BB is found, the optimal digital precoder can be obtained by
2) ANALOG PRECODER DESIGN
For the optimal digital precoder, we focus on the analog precoder design to maximize the spectral efficiency. In particular, it has been verified in [19] that the analog precoder satisfies F H RF F RF ∝ I with high probability when the number of antennas tends to infinity. This enables us to obtain
2 V e P e ≈ V e P e . In addition, V e is a unitary matrix for the case that the number of RF chains is equal to that of the data streams. P e ≈ µI, where µ is a normalization factor, assuming that equal power allocation for all data streams. So, we can obtain F BB F H BB ≈ µ 2 I. Then, we can rewrite the optimization problem (8) as arg max
Since the column permutation of F RF does not change the result of F RF F H RF , F RF F H RF can be rewritten as
where (F RF ) −j is a sub-matrix of F RF excluding the j-th column f j . Therefore, the objective function of (12) can be equivalent to (14) , as shown at the bottom of the next page, which is presented at the bottom of next page, where we define the auxiliary matrix Q j as
In (14), selecting appropriate initial matrix F RF and assuming that (F RF ) −j is fixed, we can decompose the analog precoder optimization problem into a series of sub-problems.
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The j-th optimization sub-problem can be written as arg max
We notice that maximizing problem (16) over f j can be equivalent to arg max
To easily solve this problem, we define an intermediate
In addition, we use f j (i) to represent the i-th element of f j . Thus, each element of f j can be iteratively obtained by the following Proposition 1, whose proof is provided in Appendix A.
Proposition 1: Given the elements of analog precoder
where for the complex variable x,
Note that we can obtain the optimal solution f opt j (i) by the Proposition 1. However, we need to compute the matrices Q j and M j = H H Q −1 j H, which lead to high computation complexity. Specifically, by some standard mathematical operations, the computation of M j can be significantly simplified as shown in the following Proposition 2, whose proof is provided in Appendix B.
Proposition 2: while no convergence of f j (i) do 7: for i = 1 : N t do 8:
end for 10: end while 11: Construct f In (20) , the matrix M j only involves matrix-to-vector multiplication instead of the complicated matrix inversion and matrix-to-matrix multiplication. In addition, the complexity analysis will be given in Section V.
To better present our strategy, we summarize the proposed HHP-Iterative algorithm in Algorithm 1. In this algorithm, we first select appropriate initial analog precoding matrix, then iteratively design each element of analog precoder until convergence. In fact, each element f j (i) only requires a few cycles to reach convergence in our simulation. After that, we compute the digital precoder based on the optimal analog precoder to improve the spectral efficiency.
In particular, in HHP-Iterative algorithm, the output of each iteration, i.e. the analog precoding matrix F (k+1) RF , will become the new input F (k) RF for the next iteration until the stopping criterion is reached. In this paper, the stopping criterion is based on the number of iterations. For clarity, we will further analyze the number of iterations in the simulation section.
B. HYBRID COMBINER DESIGN
In this section, we design hybrid combiner to maximize the overall spectral efficiency in (5) when the hybrid precoder are already designed. The corresponding problem formulation is arg max
where H 1 = HF RF F BB . Similarly to the analog precoder, the analog combiner still satisfies W H RF W RF ∝ I for large-scale antenna arrays in [19] . Therefore, if we assume 
Since W BB is an unitary matrix, the previous assumption of W BB W H BB ≈ η 2 I is valid. Then, according to the optimal W BB , the analog combiner design problem in (21) can be written as arg max
This problem of analog combiner happens to have the same form as the problem of analog precoder in (12) . Thus, replacing the symbols F RF and H by W RF and H 1 , Algorithm1 can be directly used to obtain the optimal analog combiner.
IV. HYBRID PRECODER IN WIDEBAND MMWAVE MIMO-OFDM SYSTEMS
For mmWave MIMO-OFDM systems, the signal of each subcarrier first is precoded by a digital precoder. Then the processed signals go through the inverse fast Fourier transform (IFFT) operation. After that, the signals of all the subcarriers are combined together, and then processed by an analog precoder to form the transmitted signal. In particular, since the analog precoding is a post-IFFT process, the analog precoder is same for all the subcarriers [20] , [24] . Therefore, after the decoding, the received signal at subcarrier k can be represented as [24] (26) where H[k] is channel matrix of the k-th subcarrier in mmWave MIMO-OFDM systems [28] . The corresponding channel matrix is given by
where K is the number of subcarriers. In wideband mmWave MIMO-OFDM systems, the hybrid precoder design is formulated as [24] arg max
is the transmitter achievable rate of the k-th subcarrier. Similar to narrowband case in (8) , this optimization problem is non-convex and difficult to be solved. Fortunately, the proposed HHP-Iterative framework can be used to design hybrid precoder and solve problem (28) for wideband mmWave MIMO-OFDM systems. We first design digital precoder for the fixed analog precoder in wideband mmWave MIMO-OFDM systems. Since the digital precoders of all subcarriers operate in parallel, we can remove the summation from (28) , and then optimize the digital precoder for each subcarrier. The corresponding problem is arg max
According to the solution in (11), we can obtain the optimal digital precoder of each subcarrier as
In (30), the digital precoder still satisfies
In wideband mmWave MIMO-OFDM systems, however, the analog precoder is identical for all subcarriers, which is the primary difference from VOLUME 7, 2019 narrowband systems. Thus, based on the obtained digital precoder, we simplify problem (28) to design the analog precoder, and the corresponding problem can be converted as arg max
To solve this problem, we derive an upper-bound of this objective function in (32), as shown at the bottom of this page, which is presented at the bottom of this page. In particular, (b) is obtained by using Jensen's inequality, i.e., for a concave
After that, using Proposition 1, the optimal solution of analog precoder for wideband mmWave MIMO-OFDM, is given as
is defined as an intermediate matrix.
Similarly to the hybrid precoder, the solution of hybrid combiner can also be computed. Therefore, the aforementioned analysis shows that the proposed HHP-Iterative algorithm can be used to wideband mmWave systems.
V. COMPLEXITY ANALYSIS
In this section, the complexity of proposed hybrid precoding design is analyzed in terms of the total number of complex multiplications. Therefore, the complexity mainly comes from the following three parts:
1) The first part originates from the update of M j . In HHPIterative algorithm, there is N s iteration to update matrix M j . In each iteration, according to Proposition 2, we know that the complexity of M j is O(N 2 t ). Thus, after N s iteration, the total computational complexity of M j becomes O(N 2 t N s ).
2) The second part is from obtaining the optimal solution of analog precoder. In particular, according to (18) , the each element of analog precoder can be computed and the corresponding complexity is O(N t ). In addition, to reach convergence, each element only requires a few cycles in our simulation. Moreover, in HHP-Iterative algorithm, we need to execute N t N s iterations to obtain the optimal analog precoder. Therefore, the computational complexity of second part is O(N 2 t N s ).
3) The last part stems from calculating digital precoder in (11) . In particular, it is observed that V e is obtained from the SVD of H e and the corresponding complexity is O (N r N 2 s ). Then, according to (11) , the computational complexity of last part is O (N t N 2 s + N r N 2 s + 4N 3 s ). To sum up, the computational complexity of the proposed algorithm is approximately O(N 2 t N s ). In the proposed HHP-Iterative algorithm, the analog precoder is designed by computing the closed-form solutions of each element successively, and these solutions are low dimension. In particular, the matrix M j is simplified. Thus, the computational complexity of the proposed algorithm is acceptable. By contrast, the computational complexity of the RF-Iterative algorithm [19] is O(N 3 t N s ). It is obvious that the computational complexity of the proposed algorithm is lower than that of RF-Iterative algorithm.
VI. SIMULATION RESULTS
In this section, we present simulation results of the proposed algorithm under an N r × N t = 36 × 144 mmWave MIMO system. Due to the favorable propagation performance and compact phasical size, the UPA is especially suitable for mmWave MIMO systems [29] . Thus, both transmitter and receiver are equipped with UPA, which is also consistent with reference algorithms in [13] and [20] . Moreover, according to [20] , we model the propagation environment as a N cl = 5 cluster environment with N ray = 10 rays per cluster. In addition, the average power of each cluster is σ 2 α,i = 1. The azimuth and elevation AoDs and AOAs follow the Laplacian distribution with uniformly distributed mean angles over [0, 2π ] and angular spread of 10 • . Moreover, Signal-to-noise ratio is defined as SNR = ρ σ 2 n . For fairness, the same total power constraint is enforced on all precoding algorithms. Finally, all reported results are averaged over 1000 random channel realizations.
A. SPECTRAL EFFICIENCY EVALUATION
We first investigate the spectral efficiency with different algorithms when perfect channel state information (CSI) is considered. To reduce the energy cost of the mmWave MIMO system, we assume that the number of RF chains is equal to that of the data streams, i.e., N t RF = N r RF = N RF = N s . In addition, for the proposed and reference algorithms, we set the number of iterations to three, which will be verified in the subsequent simulation. As shown in Fig. 2 , the optimal digital precoder and OMP algorithm [13] are plotted as upper and lower baselines of performance, respectively. For comparison purposes, we also plot the spectral efficiency of the RF-Iterative algorithm [19] and PE-AltMin algorithm [20] . In this case, the proposed HHP-Iterative algorithm can achieve the near-optimal performance in Fig. 2 . This implies that the proposed algorithm is superior to other algorithms, even though the RF chains are limited.
For addition simulation validation, we compare the performance of different precoding algorithms for different N s in Fig. 3 . As the number of data streams increases, the HHPIterative algorithm can more accurately access to the optimal digital precoder than the reference algorithms.
To examine the convergence of the proposed HHP-Iterative algorithm, we show the spectral efficiency versus number of iterations in Fig. 4 . We see that the HHP-Iterative algorithm converge faster than the RF-Iterative algorithm, which has significant application value for practical scenario. In particular, when the number of iterations is two, the proposed algorithm can achieve satisfactory performance. Moreover, our proposed algorithm is outperform the RF-Iterative and PE-AltMin algorithms over the whole number of iteration range in consideration. Moreover, according to Fig. 4 , it is reasonable to set the number of iterations to three for the previous parameter setting.
When the imperfect CSI is considered, we evaluate the performance of the proposed HHP-Iterative algorithm. Then, we denote the estimated channel asĤ, which can be modeled asĤ
where τ ∈ [0, 1] represents the accuracy of channel estimation, and E is the error matrix which follows i.i.d . CN (0, 1) . When we consider the imperfect CSI with different τ scenarios, in Fig. 5 , we show the spectral efficiency of the HHPIterative algorithm for an N r × N t = 36 × 144, N RF = N s = 4 mmWave MIMO system. Obviously, the performance of HHP-Iterative algorithm increases when τ becomes larger. Moreover, it can be seen that the proposed HHPIterative algorithm is insensitive to the CSI accuracy. For example, when τ = 0.9, the performance of HHP-Iterative quickly get close to that in the perfect CSI case. In addition, considering the case of low CSI accuracy (i.e., τ = 0.5), the HHP-Iterative algorithm with imperfect CSI can still achieve acceptable performance.
B. SYMBOL ERROR RATE EVALUATION
In this part, we study the symbol error rate (SER) with different algorithms when the number of RF chains is equal to that of the data streams in mmWave MIMO systems. In addition, the modulation scheme is 16QAM for all algorithms. As shown in Fig. 6 , we observe that the SER of pro-VOLUME 7, 2019 posed HHP-Iterative is lower than that of OMP, PE-AltMin and RF-Iterative algorithms over the whole SNR range in consideration.
C. HYBRID PRECODER IN WIDEBAND MMWAVE MIMO-OFDM SYSTEMS
In this subsection, we show the performance of proposed HHP-Iterative algorithm for wideband mmWave MIMO-OFDM systems. Similarly to [20] , we assume that the number of subcarriers is K = 128. In this case, we plot the spectral efficiency achieved by the HHP-Iterative algorithm in Fig. 7 , which also includes the OMP and PE algorithm for comparison. Obviously, the HHP-Iterative algorithm can also achieve near-optimal performance in wideband mmWave MIMO-OFDM systems. When the number of RF chains increases, the HHP-Iterative algorithm can achieve better performance than the reference algorithms. It can be seen that the result is the same as that in narrowband systems. Therefore, in wideband mmWave systems, the additional OFDM processing on the digital precoder has no effect on spectral efficiency. To sum up, the proposed HHP-Iterative algorithm can achieve satisfactory performance, both in narrowband and wideband OFDM systems.
VII. CONCLUSION
In this paper, we investigate the hybrid precoder and combiner in mmWave MIMO systems. Based on hierarchical strategy, we simplify the design of hybrid precoder. In addition, a novel iterative algorithm is proposed to optimize the analog precoder, and then the optimal digital precoder is computed based on the obtained analog precoder. After that, according to the same hierarchical strategy as hybrid precoder, we design the hybrid combiner. For the practical implementation, the proposed hybrid precoder design can be used to mmWave MIMO-OFDM systems. Simulation results and mathematical analysis show that the proposed algorithm can achieve near-optimal performance with low complexity, both in narrowband and wideband OFDM systems. In the future, we will further consider hybrid precoder design for mmWave multiuser MIMO systems.
